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Abstract 

In this paper, we prove a Kastler-Kalau-Walze type theorem for 4-dimensional and 6-dimensional spin 
manifolds with boundary associated with the conformal Robertson- Walker metric. And we give two kinds 
of operator theoretic explanations of the gravitational action for boundary in the case of 4-dimensional 
manifolds with flat boundary. In particular, for 6-dimensional spin manifolds with boundary with the 
conformal Robertson- Walker metric, we obtain the noncommutative residue of the composition of ir + D^ 1 
and ir + D~ 3 is proportional to the Einstcin-Hilbcrt action for manifolds with boundary. 
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1. Introduction 

The noncommutative residue plays a prominent role in noncommutative geometry [H ■ I n Q > Connes 
used the noncommutative residue to derive a conformal 4-dimensional Polyakov action analogy. Several years 
ago, Connes made a challenging observation that the noncommutative residue of the square of the inverse of 
the Dirac operator was proportional to the Einstein-Hilbert action, which was called Kastler-Kalau-Walze 
Theorem now. In Q , Kastler gave a brute- force proof of this theorem. In Q , Kalau and Walze proved this 
theorem by the normal coordinates way simultaneously. In [6j, Ackermann gave a note on a new proof of 
this theorem by means of the heat kernel expansion. 

On the other hand, Fedosov etc. defined a noncommutative residue on Boutet de Monvel's algebra 
and proved that it was a unique continuous trace in [7(. Wang generalized the Connes' results to the 
case of manifolds with boundary in Q [§] , and proved a Kastler-Kalau-Walze type theorem for the Dirac 
operator and the signature operator for lower-dimensional manifolds with boundary. In [10(, we get the 
Kastler-Kalau-Walze type theorem associated to nonminimal operators by heat equation asymptotics on 



compact manifolds without boundary. The purpose of papers [llj [12[ is to prove the Kastler-Kalau-Walze 



Theorem for manifolds associated with the metric near the boundary as follows: g M = h ^ ^ g dM + dx^. 

In [r|, Antoci considered the metric g M = e^ 2< ^ a+1 ^ Xn dxf l + e ~ 2bx ^g dM ne ar the boundary and studied the 
spectrum of the Laplace-Beltrami operator for p-forms. In [H, the authors dealed with a particular class 
of warped products, i.e. when the pseudo- metric in the base is affected by a conformal change. Motivated 
by Antoci and Dobarro etc., in this paper we consider the following metric near the boundary g M = 
tp(x ) 9 9M + VK^rO^nj which we call the conformal Robertson- Walker metric. We derive the gravitational 
action on boundary by the noncommutative residue associated with Dirac operator for the above metric. 
For lower dimensional manifolds with boundary, we compute Wres[7r + D _Pl o n + D~ P2 ] with the conformal 
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Robertson- Walker metric g M on M , and we get a generalized Kastler-Kalau-Walze theorem for lower 
dimensional spin manifolds. For 6-dimensional manifolds with boundary with the conformal Robertson- 
Walker metric, we get Wres[ir + D^ 1 o ir + D~ 3 ] is proportional to the Einstein-Hilbert action for manifolds 
with boundary. Which gives a operator theoretic explanations of the total gravitational action for manifolds 
with boundary, i.e, Iq t = 80 ~q 5 Wrcs[-7r + D^ 1 o tt + D~ 3 ]. 

This paper is organized as follows: In Section 2, we define lower dimensional volumes of spin manifolds 
with boundary. In Section 3, for 4-dimensional spin manifolds with boundary of the conformal Robertson- 
Walker metric and the associated Dirac operator D , we compute the lower dimensional volume V0I4 and 
get a Kastler-Kalau-Walze type theorem in this case. In Section 4, for 6-dimensional spin manifolds with 

boundary of the conformal Robertson- Walker metric and the associated Dirac operator D , we compute the 

(2 2) 

lower dimensional volume Vol 6 ' and get a Kastler-Kalau-Walze type theorem in this case. In Section 5, for 
6-dimensional spin manifolds with boundary of the conformal Robertson- Walker metric and the associated 
Dirac operator D and D 3 , We compute the lower dimensional volume Volg 1 ' 3 '* for 6-dimensional spin 
manifolds with boundary and obtain the noncommutative residue of the composition of tt + D^ 1 and tt + D~ 3 
is proportional to the Einstein-Hilbert action for manifolds with boundary.. 

2. Lower dimensional volumes of spin manifolds with boundary 

In order to define lower dimensional volumes of spin manifolds with boundary, we need some basic 
facts and formulae about Boutet de Monvel's calculus and the definition of the noncommutative residue for 
manifolds with boundary. We can find them in Section 2,3 Q and Section 2.1 [ilj . 

Let M be a n-dimensional compact oriented spin manifold with boundary dM. We assume that the 
metric g M on M has the following form near the boundary, 

g M = ^—y M + ^(x n )dx 2 n , (2.1) 

where g dM is the metric on dM, ip(x n ),^(xn) > and ip(0) = "0(0) — 1- Let D be the Dirac operator 
associated to g on the spinors bundle 5YT.M) [Ilj. Let pi,P2 be nonnegative integers and pi +P2 < n. From 
Section 2 in [111 ], we have 

Definition 2.1. Lower dimensional volumes of spin manifolds with boundary are defined by 

\o\ {puP2) M := Wres[vr + L>- pi o ir+D~ P2 }. (2.2) 
Denote by cri(A) the Z-order symbol of an operator A. By (2.1.4)-(2.1.8) in [Ilj], we get 

Wres[7r+L>- pl o TT+D- p2 } = [ [ tTace s{T M)W-n(D- pi - p2 )]a^)dx + [ $, (2.3) 

JmJ\£\=1 JdM 



and 



. ^ + 00 ( _ i )\a\+j+k+l 

* = / 7 E E l, 0+fc + 1) , xtrace^t^^^a+P^)^^,^^) 



xd^d^d^D-^ix'AeAnMnaiadx', (2.4) 
where the sum is taken over r — k — \a\ +1 — j — 1 = — n, r < — pi, / < — P2- 



3. A Kastler-Kalau-Walze type theorem for 4-dimensional spin manifolds with boundary of 
conformal warped product metric 

In this section, We compute the lower dimensional volume Vol^ 1 ' 1 ^ for 4-dimensional spin manifolds with 
boundary of conformal warped product metric and get a Kastler-Kalau-Walze type theorem in this case. 



2 



Since [<j-i(D 2 )]|m has the same expression as <7-i{D 2 ) in the case of manifolds without boundary in 
, d, H and [111, we have 



/ / tr[a- 4 {D- 2 )]<T{Z)dx = --£■[ sdvol M , 



(3.1) 



where 0„ = pTsy- So we only need to compute J gM $. 

Firstly, we compute the symbol cr(Z) _1 ) of Z) _1 . Recall the definition of the Dirac operator D 0|[I3|- 
Let V L denote the Levi-Civita connection about g M . In the local coordinates {xf, 1 < i < n} and the fixed 
orthonormal frame {ei, • • • , e^}, the connection matrix (ui St t) is defined by 



V L (ei, • • • , e„) = (ei, • • • , e„)(o; Sit ). 



The Dirac operator is defined by 



(3.2) 



D = ^2 c ( 6i ) e * ~ I X! w s , t (e l )c(e s )c( 



(3.3) 



where c(ej) denotes the Clifford action. 
Then, 

cti(£>) = \/-lc(£); cr (£ ) ) = ~ T ^ ^,t(ei)c(ei)c(e^)c(ej), 



(3.4) 



where £ = X)"=i £idxi denotes the cotangent vector. 
By Lemma 2.1 in ll| , we have 



Lemma 3.1. 



a-rOD- 1 ) = 



MO 



(3.5) 
(3.6) 



where cr a (D) = -\ Y, s ,t w s,t( e i) c ( e *) c ( e s) c ( e t)- 

Since $ is a global form on <9M, so for any fixed point xq £ dM , we can choose the normal coordinates 
U of xq in 9M (not in M) and compute $(xo) in the coordinates U = U x [0, 1) C M and the metric g M = 
^L_ g ™ + TP( Xn )dxl The dual metric of g M on U is p(x n )/M + _I_ da; 2 . Write g M = ff M ( _|_ ; _|_ ); ff y = 

g M ((i^i , dxj ) , then 



[.9 



Ml 



</=(a:„) ^*>J J 







A/ J 



^(£n)[ff, lJ 



and 



d*.9ij M (xo) = 0, 1 < i, j < » - 1; (so) = % • 



(3.7) 



(3.8) 



Let n = 4 and {ei, • • • ,e„_i} be an orthonormal frame field in U about g which is parallel along 



geodesies and ei(x ) = g^-(xo), then {e x = y/<p(x n )e 1} ■ ■ ■ , e^[ = y/ip{x n )e n -i,e n 



dx n } is 



the orthonormal frame field in U about g M . Locally S(TM)|g = [/ x A^(f). Let {/].,•■• ,/ 4 } be the 



orthonormal basis of Aq(|). Take a spin frame field a : U — > Spin(M) such that tt a — {ei, 



where 7r : Spin(M) — > O(M) is a double covering, then {[(cr, /*)], 1 < i < 4} is an orthonormal frame of 
S(TM)\jj. In the following, since the global form $ is independent of the choice of the local frame, so we 



can compute tis(TM) m the frame {[(<x, fi)], 1 < i < 4}. Let {23]., • • • , E n } be the canonical basis of R n and 
c(Ei) G cl c (n) = Hom(A^(f),A^(f)) be the Clifford action. By [ll|, and [II] , we have 

c(e~) = [((7,c(^))]; c( e ~)[(a,/0] = [(MWOl; ^ = ^)], (3.9) 

then we have ^-c(ei) = in the above frame. Therefore, we obtain 
Lemma 3.2. For n- dimensional spin manifolds with boundary, 

2 I 0] if j < n; 

5 - (l ^ )(X0) = (^(0)1^-^(0)^ ifi = n. (3 - 10) 

I « x „[c(f )J(x ) +4n^„[c(dx n J(x ), ifj=n. 

where £ H ^ n dx n . 

Proof. By the equality (|£|g M )(xo) = ((^(a;„)^™ (x')6Cm + V^n)^) (2:0) and (3.7), then (3.9) is 
correct. By Lemma A.l in [ll|, (3.10) is correct. □ 

In order to compute ao{D)(xo), we need to compute Lo s>t {ei){xo). By Appendix in [TTJ] , we have 

Lemma 3.3. For n-dimensional spin manifolds with boundary, When i < n , uj n ,i(ei)(xo) = ^<p'(0); and 
^i,n{ei)(xa) = -|<//(0). In other cases, U) s ,t(ei)(x ) = 0. 

Combining (3.3) and Lemma 3.3, we obtain 

Lemma 3.4. For 4- dimensional spin manifolds with boundary, 

o- (D)(x ) = -^(0)c(dar„). (3.12) 

Now we can compute $ (see formula (2.4) for the definition of $), since the sum is taken over —r — I + 
k + j + \a\ = 3, r, I < —1, then we have the following five cases: 
case a) I) r = —1, I = —1, k = j = 0, \a\ — 1 
From (2.4) we have 

/• r+oo 

case a) I) = - / / V trace[9| t ,7r+ a^D- 1 ) x d^d^ n a- 1 (D- 1 )](x )d^ n a^')dx' . (3.13) 
J\i>\=iJ-ao |a|=1 

By Lemma 3.2, for i < n, then 



(*o) 



lei 2 lei 4 

0. (3.14) 



Then case a) I) vanishes. 

case a) II) r = —1, I = —1, k = \a\ = 0, j = 1 
From (2.4) we have 



1 f f + °° 

case a) II) = — - / / trace [c^-n-t er_i(_D _1 ) x d? o--i(D~ 1 )](x )d£, n cr(l;')dx' 
2J\e\=iJ-oc 



(3.15) 



By Lemma 3.1 and Lemma 3.2, we have 
dla-^D- 1 ) = 



6Z n c(dx n ) + 2c(C) , 8#c(0 



1^ 



and 



(i+^) 3 (i+a 3 



ICI 2 l£l 4 

iSS»»[c(0](*o) , ^»ftr n [c(£fa n )](a:o) (V(0) - ^V'(0))c(O 



By (2.1.1) in [ll|, (3.3) in [13] and the Cauchy integral formula, then 



l^l 4 



c(f) 



l^ 4 



(x )||£'|=l = f£ 



') + £„c(<fe„) 



lim 



(i+a) 2 

c(^')+1nC(lil„) 

+ i) 2 (Cn r)„ ) 



2ni u-yo- Jr+ {Vn - i) 2 
c(C) + Vn c(dx n ) . 



drj n 



(Vn +«) 2 (Cn - In) 



I ??n =1 



Similarly, 



ICI 2 

i(,nd Xn [c(dx n )} 



and 



l^ 4 



lei 5 



(X )|| e | = i = 



(zq)||£'|=i : 
(sco)||ei=i 



d*Ac(?)](x ) 

2(£ n " i) ' 
jdxn [c{dx n )](x Q ) 

2(£„ - i) ' 
2(,n - i 



<0 



c(dx n ). 



Combining (3.17)-(3.21), we obtain 

Xn 7r£(7_i(.D -1 )(xo)||£'|=i 



4(& - *) 2 " ' 4(^„ - i) 2 

9x n [c(^')}(x ) , «9x„[c(da;„)](a;o) 



2(£„ - i) 



2(in - i) 



(2t- 60^(0) +gn^(0) ,^ 

476—^ } 

-^(0) + (1 + 2tf n )V'(0) 



4(£» - *) s 



c(efcc n ). 



(3.16) 



(3.17) 



(3.18) 

(3.19) 
(3.20) 

(3.21) 



Since n — 4, tis(TM)[id\ = dim(A*(2)) = 4. By the relation of the Clifford action and ti AB 
have the equalities: 

tr[c(Oc(dx n )] = 0; tr[c((fa n ) 2 ] = -4; tr[c(£') 2 ](z )||f'|=i = -4; 

to[^ n [c(0]c(dz n )] = 0; ^[d x MOUe)}M\\e\=i = -2^(0); 

tr[^ n [c(da; n )]c(C')] = 0; tr^ [c(rfa; n )]c(^ n )](^o)||^|=i = 2^'(0). 



(3.22) 

tr_BA, we 



(3.23) 
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From (3.16), (3.22)and (3.23), we have 



dxAc(?)]{x ) , id Xn [c(dx n )}(x ) , (2i - f„)y/(0) + £ n ^(0) ... , -^(0) + (1 + 2if„)^'(0) 



2(£* 



2(6, 



6i£-2i , 2^-6i£„ 
c (4 ) 



2(v(o)+e«V' , (o)) 



4(f» - *) 

c(cte„) 



4(€„ - if 



Substituting (3.24) into (3.15), we have 
case a) II) = - 



-n. 



V(0)+^n^(0) 

V(0)+6^'(0) 
r+ (£n-imn + i) 3 



d£ n a{£')dx' 



1 



d£ n dx' 

V(0)+fn^'(0)lW 



(6> + *) 3 

(3^(0) +^'(0))7^^73 C ^2; , , 



where is the canonical volume of 5 14 . 

case a) III) r = -1, Z = -1, j = |a| = 0, fc = 1 



From (2.4) we have 

case a) III) = — - / / trace [9^„7rt a_i(L> _1 ) x % i 9 x?i a_i(D~ 1 )](a;o)d^ n a-(^')(ia 

2 J\f'\ = l J-oo 



By (2.2.29) in 11]], we have 



^Tr+a-xCD- 1 )^)^^! = 



-c(£') —ic(dx n ) 



From (3.5) we have 

d (n d Xn a --i( D ~ l )( x o)\\(' 



(1+^)2 ^ - (l+#) 

(3iff ~ 0^(0) + (3z& - 
(1 + ^) 3 

, 4i£ n¥ /(0) + (2i£ n - 2if3)^'(0) ft , 



c(dx n ) 



(i + £) E 



Combining (3.27) and (3.28), we obtain 
-c(£') - ic(dx„) 



tr< 



2(^n - *) 2 



(i+a 



(3zgg-iM0) + (3igg-i&)y/(0) 

(i + C 2 ) 3 
-2V(0) + (6, - *>'(0) 
(^-i) 2 (€« + i) 3 ' 



c(dx T: 



a+a 

4^'(0) + (2if n - 2i$W(0) 



-c(dx„) 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



(3.28) 



(1+a 3 



K')]}(»0)||f'|=l 

(3.29) 



Substituting (3.29) into (3.26), one sees that 



case a) III) 



* >/iei=i J-oo 



+°° -2^(0) + K„ - i)V'(O) 



^„a(e')^' 



x 2-7ri 



-2V(0) + (£„ ~ »)^'(0) 



(£n + *) 3 



(1) 



= -(3^(0) + V'(0))^ 3 ^'. 

o 

case b) r = —2, I = — 1, k = j = \a\ = 
From (2.4) we have 

case b) = — i / / tr&ce[irf a^iD^ 1 ) x d£ n <7-i(D~ 1 )](x )dt; n a(!;')dx' . 

J\Z'\=lJ-oo 

By Lemma 3.1 and Lemma 3.2, we have 



(3.30) 



and 



a+a 2 vw (i+a) 2 



(3.31) 



(3.32) 



Then 



id 



6 c(0<dx n )c(0 /(O)-^'(O) 



(3.33) 



c(0*o(I>)(so)c(0 



Id 4 

Hp c(£)c(<fa„) [d x „ [c(£')](z ) + &A„ [c(dx n )](x )] 



Id' 



-c^c^)^)^^'^)-^^)] 



:= ,4 + 5 + C*. 
Similarly to (3.18), by Lemma 3.1 we have 
-1 



A = 



4(?„ ^ i) 2 



(3.34) 



(3.35) 



And 



(2 + i£„)c(Oc(cfo„)<9 x „[c(£')](zo) + ic{g)c{dx n )d Xn [c{dx n )]{xo) 



4(Cn - 

- id x n [c(€')](x ) - i£ n d Xn [c(dx n )](x ) 



(3.36) 



C* = 



16(£n - *) 3 
1 

+ 8(£„-*) 3 
1 

+ 



16(6, - i) 



;\3 



- 3<p'(0) - W(0) + ^'(0) + 3z£„^'(0)J c(dx„) 

- 3^(0) - W(0) + V'(0) + 3i£ n ^'(0)] c(C) 

8*^(0) + 9£ n¥ >'(0) + 3*CV (0) - 3e„V'(0) - »£V'(0)] c(Oc(dz n )c(0-(3.37) 
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By (3.32) and (3.35)-(3.37), we obtain 

tr[Ax d e „g_i(a:o)]||£'|=i = 

tr[B x d e „g_i(a:o)]|| e ,| = i = 

tr[C x d^ n q- 1 (x )}\\ ( '\ = i = 



2(1 +ar 

-2y/(o) - t^(o) + eMg) + ^'(Q) + 0£(g) 

2(£„- J ) 3 (6 l + *) 2 

V(0) + i£ n? /(0) - e^'(0) - 3i&^'(0) - C^'(o) 



2(^-i) 3 (en + «) 2 

Combining (3.31), (3.38), (3.39) and (3.40), we obtain 

" + °° -5^'(0) + (0) - 2e„V'(0) 

|£'|=1 J-oo 



(3.38) 
(3.39) 
(3.40) 



case b) 



-2 l (e„-i) 3 (en + «) 2 

5^(0) + 3£„¥>'(0) - 2£„V>'(0) 



d£, n a(£,')dx 



r+ 
2vri 



-2i(e„-i) 3 (e„ + i) 2 

-5*^(0) + 3£ n y/(0) - 2e„V'(0) 



d^ndx' 



(2) 



-2t(C„ + 1) 2 
= ^(V(0)-^(0))7rfi 3 Gte'. 
case c) r = —1, I = —2, k = j = \a\ = 

From (2.4) we have 

r r + co 

case c) = — i / / trace[7rj" a^±(D^ 1 ) x d£ n (T-2{D~ 1 )](xo)d!; n a(t;')da 



(3.41) 



By (2.2.44) in IJ, we have 

By (3.33) we have 

%,c-2(-D _:L )(:ro)||e'|=i 



c(g') + ic(dx n ) 

2(Cn - i) : 



(3.42) 
(3.43) 



1 



(3^ " l)£Uc(0](zo) + (2^ - 2^ n )d Xn [c(dx n )](x ) 



(i + C 2 J 3 

+ (1 - 3C 2 )c(e')c(^„)5 x „[c(d a ;„)]( a ;o) - 4£ n c(?)c(dx n )d Xn [c(?)](x ) 
1 



+ 



(1 + e 2 ) 4 



£„(V(0) + 3e 2 ^'(0) + 2V'(0) - A^'{Q))c(e)c{dx n )c{0 



1 



- 7^(0) + 26C>'(0) + 9^(0) + 12^' (0) - 12^' (0) )c(£') 
■( - 7^(0) + 8&>'(0) + 3&>'(0) + 8? 2 V'(0) - 4^'(0))c(dr„)" 



Then similarly to computations of the case b), we have 

trace[vr^o-_i(L' _1 ) x d in a- 2 {D~ l )]{x Q )\\ e \ =l 

Combining (3.42) and (3.45), we obtain 

case c) = --(V(0) - ^'(O))^^'. 
8 

Since $ is the sum of the cases a), b) and c), so $ = 0. Therefore 



(3.44) 



(3.45) 



(3.46) 



Theorem 3.5. Let M be a A- dimensional compact spin manifold with the boundary dM and the metric g M 
as above and D be the Dirac operator on M , then 

Vc4 M) = Wres^-D" 1 o tt+D- 1 } = [ sdvol Af . (3.47) 

3 Jai 

Now, we recall the Einstein- Hilbert action for manifolds with boundary in [Tljj , 

Igt=— sdvol M + 2 1 #dvolg M := 7 Gr ,i + Jor.b, (3-48) 

lOTT J M Jg M 

where 

K= £ l '\r (3-49) 

l<i,j<«-l 

and Kij is the second fundamental form, or extrinsic curvature. Take the metric in Section 2, then by 

Lemma A. 2 in [llj, Kij(xo) = — Tfj(xo) = — 1<^'(0), when i — j < n, otherwise is zero. For n — 4, we 
obtain 

3 

K{x ) =Y f K i . i [x a )g^ M {x Q ) =Y i K iti {x Q ) = --^(0). (3.50) 

So 

/ Gr ,b = -3 V '(0)VoW- (3-51) 

Let M be a 4-dimensional manifold with boundary and P, P' be two pseudodifferential operators with 
transmission property (see Q) on M. From (4.4) in [llj], we have 

n+Pon+P' = tt+(PP') + L(P,P') (3.52) 

and L(P, P') is leftover term which represents the difference between the composition ir + Po tt + P' in Boutet 
de Monvel algebra and the composition PP' in the classical pseudodifferential operators algebra. By (2.4), 
we define locally 

1 f f +oc 

res M (P,P') :=-- / trace[^,^+ <r_i(P) x 9f n <r_i(P')RXO^'; (3.53) 

2 J\£'\=l J-oo 



r r+oa 

res 2 ,i(P,P') := -i / / tracefrt <r_ 2 (P) x d^o^P')]^^')^'. 

j|ei=w-oo 



(3.54) 



Hence, they represent the difference between the composition 7r + P o n + P' in Boutet de Monvel algebra 
and the composition PP' in the classical pseudodifferential operators algebra partially. Then 

case a) II) = resi.ip -1 , case b) = res 2 ,i(I>~ 1 ,D _x ). (3.55) 

Now, we assume dM is flat , then {dxi = e,}, gff = S it j, d Xa gff = 0. So resi,i(D _1 , D _1 ) and 
res2 ) i(-D~ 1 , -D -1 ) are two global forms locally defined by the aboved oriented orthonormal basis {dxi}. Let 
-0'(O) = y'(0), from case a) II) and case b), then we obtain: 

Theorem 3.6. Let M be a 4-dimensional flat compact_connected foliation with the boundary dM and the 
metric g M as above , and D be the Dirac operator on M , then 

[ res lil (D- 1 ,D- 1 ) = ^il 3 I Gl y, (3.56) 

JdM 6 

/ Tes 2 ,i{D-\D- 1 ) = -ln 3 I G ,. b . (3.57) 

JdM 
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Nextly, for 3-dimensional spin manifolds with boundary, we compute Volg 1 ' 1 ^. By Section 5 in we 
have 

Wks[tt + D^ 1 o tt + D- 1 } = $. (3.58) 

JdM 

By (2.4), when n = 3, we have r — k — |a| + 1 — j — 1 = —3, r < —1,1 < —3, so we get r = — 1, I = — 1, k — 
\a\ = j = 0, then 

$= / / traces^M)^!^- 1 )^'^,^^^ x % i a_ 1 p- 3 )(^ 0, ^ r 0]d6^(O^'- (3-59) 

J\£'\ = l J-oo 

By (2.2.44) in [ll|, we have 

7T+ ^(Zr 1 )^)!,^ = £(^+j£g^) . (3.60) 



2(6, - ») 



From (3.5) we have 



trace[ff+ p" 1 ) x ^^i^- 1 )]^)^,,^ = — — (3.63) 



^.o-_ 1 (u- 1 ) = ^^"(O + jTT§f c{dXn) - (3 ' 61) 

Since n = 3, tr(id) = dim(S(TM )) = 2. By the relation of the Clifford action and tiAB = trBA, we 
have the equalities: 

tr[c(Oc(ote„)] = 0; tr[c(dx n ) 2 } = -2; tr[c(^) 2 ](x )|| e |=i = -2. (3.62) 
Hence from (3.59), (3.60) and (3.61), we have 

-1 
Then 

$ = y0 2 vola M . (3.64) 
where volgM denotes the canonical volume form of dM. Then 

Theorem 3.7. Let M be a 3-dimensional compact spin manifold with the boundary dM and the metric g M 
as in Section 2 and D be the Dirac operator on M , then 

Vo4 M) = y^voW- (3.65) 
where Yo\qm denotes the canonical volume of dM. 

Remark 3.8. When ijj(x n ) = 1, we get Theorem 2.5 and Theorem 5.1 in fli l- 



4. A Kastler-Kalau-Walze type theorem for 6-dimensional spin manifolds with boundary of 
conformal warped product metric associated with D 2 

(2 2) 

In this section, We compute the lower dimensional volume Volg ' for 4-dimcnsional spin manifolds 
with boundary of warped product metric g M — \ g 9M + ipix^dxl^ and get a Kastler-Kalau-Walze type 
theorem in this case. 

Since [<j_6(-D has the same expression as a-e(D~ 4 ) in the case of manifolds without boundary in 

[L?T ]. we have 

/ / tr[a_ 6 (D- 4 )}a(0dx = f S dvol M , (4.1) 
Jm J\£\=i a Jm 

where Q n — wt|j< So we only need to compute J dM 
By Lemma 1 in [12| , we have 
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Lemma 4.1. 

°- 3 (D- 2 ) = -y/=i\s\-%(r k - 2S k ) V^iltl-'wu&g"*. 

Now we can compute $ (see formula (2.4) for the definition of $), since the sum is taken over 
k + j + \a\ =5, r, I < —2, then we have the following five cases: 
case a) I) r = -2, I = -2, k = j = 0, \a\ = 1 
From (2.4) we have 



r r + oo 

case a) I) = - / / V trace[<9?,7r+ <J- 2 (L>~ 2 ) x d%d 6 a^ 2 {D- 2 )](x )d^ n a(C)dx' 
J\t'\=iJ-<*> 

By Lemma 3.2, for i < n, then 



ih o ■AD-*)[,„) = J (^) ( X0 ) = - dxM ^} (X0) =0- 



Then case a) I) vanishes. 

case a) II) r = — 1, I = — 1, fc = |a| = 0, j = 1 
From (2.4) we have 



case a) II) = -- / / tracc[9 a; „7r+ cr_ 2 (L» _2 ) x df o^CD -2 )]^)^^')^'- 
2y|{'|=ii_oo 

By Lemma 3.1 and Lemma 3.2, we have 



and 



(i + g) s ' 

Similarly to (3.18), we have 

+ ro „ m - 2 ^ , T x. + 2)^(0) -^(0) 
7r £n ^x n ^- 2 (L> )J (a;o)||£'|=i = _ i)2 ' 

Combining (4.6) and (4.8), we obtain 



[ + ™ (^ + 2)^(0)-i^(0) -2 + 6^ 
loo 4(£ n -i)a (1+^ 2 ) 3 4 " 



_1 A (3C 2 - 1)( - 2^(0) - z^'(0) + z^'(0)) , , 

2i r+ (e„- i ) 5 (6 l + ^ 3 u 

-(3£ 2 - 1)( - 2^(0) - i&y(0) + i^'(0)) i (4) 



--7« 

1(5^(0) + ^(0)), 



Kn + *) 



n3 



Since n = 6, tr s(TM) [id] = dim(A*(3)) = 8. So by (4.5), (4.9), we get 

case a) II) = -^(5^(0) + V'^WO^a;'. 
8 
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where H4 is the canonical volume of S 4 . 

case a) III) r = -2, 1 = -2, j = \a\ = 0, k = 1 



From (2.4) and an integration by parts, we get 

case a) III) = -i / / trace [<9 £ll 7r+ 0-_ 2 (D~ 2 ) x 9£ n 3 Xn CT_ 2 (I> _2 )](xQ)d£ n cr(£')<fa;' 

X) 

tracc[df n ^+ a- 2 (^ -2 ) X ^^(rr 2 )]^,,)^^')^'. (4.11) 



1 

By Lemma 3.1 and Lemma 3.2, we have 

% n *tv-2(D- 2 )(x Q )\M =l = 77^3- (4-12) 

Substituting (4.7) and (4.12) into (4.11), one sees that 

1 f f + °° 8V(0) - 8^ 2 V>'(0) ,„ ,^ , , 
case a)..!) = (^-VfeTj.' ^O*' 

= i(5^'(Q)+^'(0))7rn 4 da;'. (4.13) 
8 

case b) r = —2, / = —3, fc = j = |a| = 

From (2.4) and an integration by parts, we get 

r r+<x> 

case b) = -i / / trace [7rt er_ 2 (L>~ 2 ) x d^ n a- 3 (D~ 2 )](xo)d^ n a(^')dx' 

J|£/| = l J_oo 

//■ + oo 
/ traced 7r+ CT _ 2 (£>- 2 ) x a- 3 (D- 2 )](x )d^ n a^')dx' . (4.14) 

By Lemma 3.2, we have 



£ „7r+ a_ a (i?- 2 )(so)||fM=i = _ j)2 ■ ( 4 - 15 ) 

In the normal coordinate, g tj (xo) = and d Xj (g a/3 )(xo) — 0, if j < n; — ip'(0)8g — ip'(0)5™, if j = n. 
So by Lemma A.2 [HLwe have r n (x ) = §<p'(0) + hp'(0) and F fc (x ) = for k < n. By the definition of 
S k and Lemma 2.3 in [llj, we have 5 n (xo) = and 8 = \<p' (0)c(efc)c(e^) for k < n. So 

a_ 3 (^- 2 )(a:o)||e|=i 

(1 + gj, V - 5^ E ^« + + 5*<°») " ^" ( (i° + )a g J3" /(0)) - (4-16) 



We note that J|£/i_i ' " £2g+ic(£') = 0, so the first term in (4.16) has no contribution for computing case 
b). Then 

, ,+» 2»^ n (V(0) + 5^<f/(0) - 3^(0) + ^'(0)£ 2 ) 
caseb) = / / ^ - ^de»ff(r)da:' 

, 2if„(V(0) + 5^(0)- 3^(0) + ^(0)^) 

= -f(W(0) - V'COyjTrOt^'. (4.17) 
8 
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case c) r = —3, I = —2, k = j = \a\ = 
From (2.4) we have 

r r + oo 

case c) = -i / / trace[7rt cr_3(£> -2 ) x 9 5n o-_ 2 (£ )_2 )](a;o)^nO-(^')^ a; ' 
J\e\=i J ~oo 



(4.18) 



iei=i 

By (24) in 12], we have 



case c) = case b) - i / ti[d in o-- 2 {D~ 2 ) x ^(Z}- 2 )]^^')^'- (4.19) 

From (4.2) we have 



d^ 2 (D- 2 )( XQ ) ^ (1+ 2 ^ )2 - (4.20) 



Combining (4.16) and (4.20), we obtain 



M«'l=i-/- 
From (4.19) and (4.21), we obtain 
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tr[d(. n <7- 2 (D- 2 ) x o-_ a (ir a )](if B< r(f / )da:' = ^(5^(0) - tfQfyirSkdx' (4.21) 



case c 



= -(5(p'(0) - ip'(0))nn 4 dx'. (4.22) 



Since $ is the sum of the cases a), b) and c), so $ = 0. Therefore 

Theorem 4.2. Let M be a 6-dimensional compact spin manifold with the boundary dM and the metric g M 
as above and D be the Dirac operator on M , then 



Volf' 2) = W^sln+D- 2 o 7T+D- 2 } = / sdvol M . 

3 Jm 



(4.23) 



Now, we recall the Einstein- Hilbert action for manifolds with boundary. Let ip'(0) = <p'(0), from case a) 
II) and case b) in section 4, then we obtain: 

Theorem 4.3. Let M be a 6-dimensional compact spin manifold with the boundary dM and the metric g M 
as above and D be the Dirac operator on M , then 

r 37]- 

/ res 2 . 2 (D- 2 ,D- 2 ) = —n 4 I Glyh ; (4.24) 

JdM ly> 

r 'i-rr 

/ res^OD- 2 ,^- 2 ) = — fi 4 / G r,b. (4-25) 

JdM iU 



5. A Kastler-Kalau-Walze type theorem for 6-dimensional spin manifolds with boundary of 
conformal warped product metric associated with D and D 3 

(13) 

In this section, We compute the lower dimensional volume Volg : for 6-dimensional spin manifolds with 
boundary and get a Kastler-Kalau-Walze type theorem in this case. 

Firstly, we compute the symbol a(D~ 3 ) of D~ 3 . Recall the definition of the Dirac operator D 
Let V L denote the Levi-Civita connection about g M . In the local coordinates {xi\ 1 < i < n} and the fixed 
orthonormal frame {ei, • • • , e^}, the connection matrix (w s ,t) is defined by 

V L (e[, ■■ ■ ,e^) = (ei, • • • ,e^)(w s ,t). (5.1) 
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The Dirac operator is defined by 



D = ^ c(Sj) e t - - u St t(ei)c(e s )c(et) 



where c(ei) denotes the Clifford action. 

Recall the definition of the Dirac operator D 2 in [B[ and we have 



where a { := -\ J2 s ,t u s ,t{di)e a e t . 

Combining (5.2) and (5.3), we have 

n , 

-i E^, t (e~) C (e~)c(e~)c(e t )| - £ g^d^ ^^rl^K - 1*,.%) 

s,t ^ i,j z,j 

- £ '/'•" + - r*j(7 fc ) + ±A 

By Section in [li)], we obtain 

a 2 (D 3 ) = 0(0(4^ -2r fc )^-^| 2 E^ t (e i )c(e i )c( e ~)c(g t ), 

S,t 

n 

^(D 3 ) = J2 c^X^, dx,) - J] (a^ffOa, + 2(a t< r J -)ft + 30*0^ + 31^**$) - 

i = l L i,j 

s,t 1 i,j 

n 

i=l L i,j 



s,t 



Write 



D* = (-y^T)l Q la«; ap 3 )=p 3 +P2+Pi+Po; <7p- 3 ) = Eg_ J , 

i=3 
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By the composition formula of psudodifferential operators, we have 
l = „(D 3 oD- 3 ) = 52±8£[a(D)]D2[a(D- 1 )] 



{P3+P2 + Pl + Po)(<7-3 + 9-4 + 9-5 H ) 

+ ^2( d ZjP3 + d ijP* + 9 SjPi + '\ Po)(A. q .; + Ar 3 9-4 + D Xj q- 5 H ) 

P39-3 + (??39-4 + P29-3 + ^2 d ijP3 D Xj1-3) H > 



Then we obtain 



9-3 = P 3 X ! <?-4 = -P 3 X [P2P3 1 + d tiP* D *j (P 3 *)] 



(5.10) 
(5.11) 



By Lemma 2.1 in [llf and (5.4)-(5.11), we obtain 
Lemma 5.1. 



l£l 4 ' 
c(0a 2 (Z? 3 )c(0 , c(0 



(5.12) 



]T [c(dx J )|e| 2 + 2^c(0] [9x i [c(0]|^| 2 -2c(C)9 X3 .(|C| 2 )],(5.13) 



wftere <r (-D) = -iE s ,(^i(e,)c(e,)c(e s )c(e(). 

Since $ is a global form on dM, so for any fixed point xq £ dM, we can choose the normal coordinates 
U of xq in dM (not in M) and compute <&(xo) in the coordinates U = Z7 x [0, 1) C M and the metric g M = 
^ g ™+TP( Xn )dxl The dual metric of g M on U is p(*»)$ 8M + . Write gff = g M (£-, £-); g% = 

g M (dxi , dxj ) , then 



[a 



1 \ a dM] o 
^(l n ) 



; W' j 



Ml 



f(x n )[g h3 



dMl 



and 



dx.9ij"{x Q ) = 0, 1 < i, j < n - 1; ff f/ (x ) = <5, 



(5.14) 



(5.15) 



Let n = 6 and {ei, • • ■ , e„_i} be an orthonormal frame field in U about g which is parallel along 



geodesies and ei(x ) = ^r(^o), then {e x = yj 'tp(x n )ei, ■ ■ ■ ,e n _i = y/ip(x n )e n ^i,e r . 



dx n } is 



the orthonormal frame field in U about <? M . Locally S(TM)\fj = U x A^(f). Let ••■ ,/s} be the 



orthonormal basis of Aq(|). Take a spin frame field a : U — > Spin(M) such that tt a — {e\, 



where 7r : Spin(A/) — > O(M) is a double covering, then {[(er, /-*)], 1 < i < 8} is an orthonormal frame of 
S^TAT)!^. In the following, since the global form <fr is independent of the choice of the local frame, so we 
can compute tis(TM) m the frame {[(a, /,)], 1 < i < 8}. Let {E\, • • • , E n } be the canonical basis of R n and 
c(J5,) <= cl c (n) Hom(A^(f ), A^(f )) be the Clifford action. By [ll[, and [Ijj , we have 



(9 o 

c(ej) = [((7,c(^))]; c&)[(v,fi)] = [(a,c(E t )f % )]; — = [{a, — )], 

then we have T^-c(ei) = in the above frame. 
Combining (3.3) and Lemma 3.3, we obtain 

Lemma 5.2. For 4- dimensional spin manifolds with boundary, 

5 

a {D)(x ) = —-<p'(0)c(dx n ). 
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(5.16) 



(5.17) 



Now we can compute $ (see formula (2.4) for the definition of $), since the sum is taken over — r — I + 
k + j + \a\ = 5, r < —1, / < —4, then we have the following five cases: 
case a) I) r = —1, I = —3, k = j = 0, |a| = 1 
From (2.4) we have 

case a) I) = - / / + V trace[d?,7r+ cr-i^ 1 ) x fl£,0 4 a- 3 {D- 3 )](x )d£ n a(£')dx' . (5.18) 

J\t'\=lJ-°o | a | =1 

By Lemma 3.2, for i < n, then 

d^a-^D-^ixo) = d Xi (^^) ( x o) 



l^ 2 l^ 4 
= 0. (5.19) 



Then case a) I) vanishes. 

case a) II) r = — 1, I = —3, k = \a\ = 0, j = 1 
From (2.4) we have 



1 f f +aa 

case a) II) = -- / / tracc[a r „7r+ a^D- 1 ) x <9? a- 3 {D- 3 )}(xo)d£ n a(£')dx' . (5.20) 

2J\£'\=lJ-oo 

By Lemma 3.1 and Lemma 3.2, we have 

„ (n -*\ 20^-4i 12^-12^ 

d U a -^ D )= ( 1+ ^2)4 C ^)+ (1+^2)4 < dx n)- (5-21) 

Since n = 6, tr S ( TM )[id] = dim(A*(3)) = 8. By the relation of the Clifford action and tiAB — trBA, we 
have the equalities: 

ti[c(C)c(dx n )} = 0; tr[c(dx n ) 2 } = -8; tr[c(0 2 ]M||e|=i - -8; 
tr[d x MOUdx n )} = 0; tv[d Xn [c(0}c(0]M\e\=i = "V(0); 
tr^Kdin)]^')] - 0; tr[a XB [c(da; n )]c(da; n )](xo)|| e /| = i = 4^(0). (5.22) 
From (3.22), (5.21)and (5.22), we have 

(\ d x M?)}M , z^„[c(dr n )](x ) (2j - g n )y'(Q) + g n y/(Q) -y'(0) + (1 + 2ig n )V>'(0) i 

U 2(£ n -i) + 2(£ n -i) + 4(£„-i) 2 C(U+ 4(C„-z) 2 C(dX " j J 

-20^ 2 -4i , 12^-12^ 



tr 



8(V(0) + ^'(0))(-l - 2i£„ + 3£) 



Kn-i) 5 (e n + i) 4 
Substituting (5.23) into (5.20), we have 

case a) II) = -I / f°° «#i±^M)^(n^ 

2^ 



(5.23) 



2j|e|=li-oo (en-*) 5 (e«+0 4 

-n, / W(0) + ^;(Q))(-i-2^ + 3^) 

Vr+ (?n + ^r 



2m r4(V(0) + £„^(0))(-l - 2i£„ + 3£) 



(6, + *) 



n4 



— (15^(0) + 7^'(0))7rfW, (5.24) 
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where H4 is the canonical volume of S 4 . 

case a) III) r = —3, I = —1, j = \a\ — 0, k = 1 



From (2.4) we have 

case a) III) = -i / / trace[%,7rt cr^-D" 1 ) x d^ n d Xn a- 3 (D- 3 )](x )d^ n a(^)da 
2 J\f'\=i J -00 



By (2.2.29) in [ll|, we have 



-c(C') 



— ic(dx n ) 
2(£„ - l ) 2 T 2(C„ - i) 2 



(5.25) 



(5.26) 



From (5.12) we have 



dt n d Xn a- 3 (D- 3 ){x )\ le 



(lOjg - 2jV(D) + (gig - 6i^)^(0) 

(1 + C 2 ) 4 
12i^'(0) + (4if„ - 8i^)V'(0) 



c(<£c n ) 



(1+a) 4 



c(f). 



(5.27) 



Combining (5.26) and (5.27), we obtain 
"~c(0 - ic(dx„) 



tr- 



2(£ n - *) 2 



-%j0*.[c(O](*o) + n^ 3 l" 3 ^[c(^»)](x ) 



(i + £D 3 



(10t^-2iy(0) + (6^-6^)^(0) 



(1+a) 4 

(8i - 32j» - 8^)^(0) + (2i - 14& - 14»C 2 + 18g)V>'(0) 

(e„-*) 5 (^ + *) 4 

Substituting (5.28) into (5.25), one sees that 



(1+e) 3 

c(dx n ) + 12 ^(0) + (4^-8^)^(0) ^^ 



(1+a) 4 



(O]}(»o)||c|=i 
(5.28) 



case a) III) = — 



|«'|=W-oo 



+ OO 



?i - 32£„ - 8i£y(0) + (2i - 14£„ - 14^ 2 + 18^(0) 



<% n a(e)dx' 



1 2wi 

~2 x IT 

= -^(25^(0) + V'(0))7rfi 4 ^'- 
case b) r = —2, / = —3, k = j = \a\ = 
From (2.4) we have 

<>+oo 



3* - 32£„ - 8i£V(0) + (2t - 14£ n - 14$e4 + 18W(0) 



(4) 



(5.29) 



r+00 

case b) = — i / / trace[7rt <7_2(-D _1 ) x d( n <T-a(D~ 3 )](xo)d£ n cr(£')da 

J\S'\=lJ-oo 

By Lemma 3.1 , Lemma 3.2 and Lemma 5.1, we have 

-4i&,c(0 + (i - 3i£ 2 )c(cfc„) 



S e „a_ 3 ( J D- 



(1 + ^) 3 



(5.30) 



(5.31) 
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and 



&-2(D~ 1 )(xo) = <OMD)(xo)c(0 + ^ c ^ )c{dXn) ^ dxM ^ )]{xo) + £ n d Xn [c(dx n )}(x ) 

-^#K)c(e)[^'(o)-ey(o) 



(5.32) 



Then 



+7T ; 
+7T, 



c(Oa (D)(x )c(0 



1 

i 

W 



lei 4 

c(£)c(c£r„) [d x „ [c(^')](^o) + 6A n [c(dx„)](x )] 



; (C) C (dx„)c(O[?^'(0)-^(0)] 



:= ,4 + 5 + C*. 
Similarly to (3.18), by Lemma 3.4 we have 
-1 



A = 



4(Cn - if 



M^( 2 + ^MOc^MO - ^%^ C (^„) + ^c(0' 



(5.33) 



(5.34) 



And 



B 



(2 + i^n)c(^')c(dx n )d Xrl [c(^)](x ) + ic(£')c(dx n )d Xn [c(dx n )](x ) 



4(Cn - i? 
-idxn[ c (€')]( x o) - i£nd Xn [c(dx n )](x ) 



(5.35) 



C 



16(£n - *) 3 
1 

+ 
+ 



8fe - if 
1 



3^(0) - W(0) + ^'(0) + 3z£„^'(0)J c(dx„) 
- 3^'(0) - ^ (0) + V'(0) + 3^„V'(0)1 c(0 



i6(e„ - *) 3 

By (5.31) and (5.34)-(5.36), we obtain 
tr[Ax ^„<7_ 3 (I>- 3 )(a;o)]|| 4 '|=i 



- 8V(0) + (0) + 3^(0) - 3^'(0) - i^'(0) c(£')c(da:„)c(£')-(5.36) 
(5 + 15i£„y (0) 



tr[B x d in a^(D- 3 )(x )]y l=1 = 
tr[C x ^„ CT _ 3 (£>- 3 )(a;o)]||^|=i = 



(^-0 4 (^+*) 3 ' 

(-2 - 3ig n + 3ff MO) + (3zg„ + 3Q^(0) 

(Cn-i) 4 (^+i) 3 

(-4t + 116, + 6i£ - 3£ 3 V(0) - (56, + 6i£ + 3C 3 )^'(0) 



(Zn-im n +if 

Combining (5.30), (5.37), (5.38) and (5.39), we obtain 

(3£ n - »)(-7V(0) + 56^'(0) - 26^(0)) 



(5.37) 
(5.38) 
.(5.39) 



case b) 



= — / 
Jt 



I * -*(£n -0 5 (C« +«) 3 

(3g n - 2) (-7V(0) + 5^(0) - 2^' (Of 
27ri r(3£„ - i)(-7V(0) + 5^(0) - 2£ n ^'(0)) 



d£ n dx' 



-1Q4 



4! 



-t(e« + *) 3 



( 4 ). 
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(55tp'(0)-i>'{0))Trn A dx'. 



(5.40) 
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case c) r = — 1, I = —4, k = j = \a\ = 
From (2.4) we have 



case cl 



+ OG 

trace[7r+ ct-i(L> _1 ) x d u <T-4(D- 3 )](x )d£ n cr{£')dx' . (5.41) 

5'|=U-oo 



By (2.2.44) in [ill, w e have 
From (5.13) we have 



<o-_ 1 (D-i)(a ! o)|| eM = g^l±g|^ ; (5.42) 



2(1+ a 5 

-85&M 
2(1 

(49£„ - 97£ - 50^(0) + (-48$ + 48^)^(0) 



(33 - 180g - 85&M0) + (-48^ + 80^)^(0) , 

2(1+ a) 5 UJ 



2(1 +e; 



c(dx n ) 



(1+a) 4 vw v y vsyJV ; (1+^) 4 

+ 7J^||4 C ^)c(^n)^Jc(^n)](xo) + =^±M fl g „ [ C (ds w )](s ). (5.43) 

Then similarly to computations of the case b), we have 

trace[7r+ a-^D' 1 ) x d^a-^D-^Xo)]^^ 

= n _ z f(- 30 ~ 72 ^« + 96 ^« - 20 ^« + 5 <V (°) 

+(1 - 15*£„ + 29# + - 36^)V'(0)] (5.44) 
Combining (5.41) and (5.44), we obtain 

case c) = -^(35^/(0) - {Q))-KQ, A dx' . (5.45) 



Since $ is the sum of the cases a), b) and c), so 



$ = --jL(4Q<p'(0) - llij} l {Q))'KQ, i dx'. (5.46) 



Now recall the Einstein-Hilbert action for manifolds with boundary 11 1 12 1 ltij . 

1 

16tt 



Igt = — / sdvol M + 2 / #dvolg M := 7 Gr ,i + Jsr.b, (5-47) 

M i9Af 



where 

K E ^SoKfi «"iJ = -I«. ( 5 - 48 ) 

l<i,j<n-l 

and -Kjj is the second fundamental form, or extrinsic curvature. Taking the metric in Section 2, then by 
Lemma A. 2 , for n = 6, then 

tf(z ) = -^'(0); 7 G r,b = -5^'(0)VoW- (5.49) 
Let ip'(0) = c<p'(0), then we obtain 
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Theorem 5.3. Let M be a 6- dimensional compact spin manifold with the boundary dM and the metric g M 
as above, D be the Dirac operator on M and if>'(0) = c<p'(0), then 

Vc4 1,3) = Wres^D -1 o 7T+ D~ 3 ] = / sdvol M + (1 - ^r)^ / K(No\ dM . (5.50) 

Jm 40 J dM 

Remark 5.4. In fill] J71/, Wang computed Wres[7r + Z?~ 1 o7r + £>~ 1 ] and Wies[Tr + D~ 2 on + D~ 2 ]. In that cases, 
the boundary terms vanished, where the two operators are symmetric. Theorem 5.3 states the boundary terms 
is non-zero when we compute Wres[7r + D _1 o n + D~ 3 ]. The reason is that D~ x and D~ 3 are not symmetric. 



Let 
where 

and 



mesin+D- 1 o ir+D- 3 } = Wres^-D -1 o tt+D" 3 ] + Wres^Tr+L)" 1 o tt+D" 3 ], (5.51) 

Wresilir+ D- 1 o ir+ D~ 3 } = [ [ trace s(TM) [a- e {D- l - 3 )]a{£)dx (5.52) 

Jm J\e 1=1 



' M J\£\ = l 



xd^M^d^ ^(D- 3 )(x', 0, ( 5 - 53 ) 



denote the interior term and boundary term of Wres[7r + D 1 o ir + D 3 ]. 
Combining (5.47), (5.50) and (5.51), we obtain 

Corollary 5.5. Let M be a 6- dimensional compact spin manifold with the boundary dM and the metric 
g M as above and D be the Dirac operator on M , then 

/G - = 80^^^ + ^ lo7r+ ^ 3]; 
80 ~- 

= W-llc)^ ™*^ - 1 ° (5 - 54) 

In particular, when c = |y + ^§§jj , then we obtain 

Theorem 5.6. Let M be a ^-dimensional compact spin manifold with the boundary dM and the metric g M 
as above, D be the Dirac operator on M and "0'(O) = ap'(0), then 

Vol^ 1 '^ = WreslTT+L*- 1 o ir+D- 3 } = _^h\_L f sdvo i M + 2 f KdVo\ d ^ 

3 \-16ttJm J dM 

J Gr = iTTTT WreslTr+i?- 1 o tt+ D' 3 } . (5.55) 
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